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Abstract
We study the effect of the Dp-brane gas in string cosmology. When one kind
of Dp-brane gas dominates , we find that the cosmology is equivalent to that
of the Brans-Dicke theory with the perfect fluid type matter. We obtain γ,
the equation of state parameter, in terms of p and the space-time dimension.
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Recent developments of the string theory suggest that in a regime of Planck length,
quantum fluctuation is very large so that string coupling becomes large and consequently
the fundamental string degrees of freedom are not a weakly coupled good ones [1]. Instead,
solitonic degrees of freedom like p-branes or Dp-branes [2] are more important. Therefore
it is a very interesting question to ask what is the effect of these new degrees of freedom to
the space time structure especially whether including these degrees of freedom resolves the
initial singularity, which is a problem in standard general relativity.
What should be the starting point for the investigation of the p-brane cosmology? It
should be a generalization of general relativity. The Brans-Dicke theory is a generic defor-
mation of the general relativity allowing variable gravity coupling. In fact the low energy
theory of the fundamental string [3] contains the Brans-Dicke (BD) theory with a fine tuned
deformation parameter (ω=-1). Moreover Duff and et al. [4] found that the natural metric
that couples to the p-brane is the Einstein metric multiplied by certain power of dilaton
field. In terms of this new metric, the action that gives the p-brane solution becomes BD
action with definite deformation parameter ω depending on p. In our previous papers [5,6],
we have studied this kind of the BD model and found exact solutions depending on two
arbitrary parameters. Furthermore, according to the range of parameters involved, we also
have classified all possible behaviors of the BD cosmology and found solutions resolving the
initial singularity problem for some regions [7]. However, it remains an open questions how
to determine the equation of state parameter γ. In this paper, we will determine γ from the
relation between this BD theory and the string theory with Dp-brane.
We start with reviewing the BD theory in which the perfect fluid type matter is included.
Let’s assume that our universe is a D dimensional homogeneous isotropic one. The general
BD action is given by
S =
∫
dDx
√−ge−φ [R− ω∇µφ∇µφ] + Sm, (1)
where φ is the dilaton field and Sm is the matter part of the action. The equations of motion
of the BD theory become [8,9]
1
Rµν − gµν
2
R = e
φ
2
Tµν + ω{∇µφ∇νφ− gµν
2
(∇φ)2}
+{−∇µ∇νφ+∇µφ∇νφ+ gµνD2φ− gµν(∇φ)2},
0 = R− 2ω∇2φ+ ω(∇φ)2. (2)
R is the curvature scalar and cosmological metric is given by
dsD
2 = −N dt2 + e2α(t)δijdxidxj (i, j = 1, 2, · · · , D − 1), (3)
where eα(t) is the scale factor and N is a (constant) lapse function. Now, we assume that
all variables are the functions of time t only, then the curvature scalar [10] in D dimension
is given by
R = g00R00 + gijRij , (4)
where
g00R00 = D − 1N [α¨ + α˙
2],
gijRij = D − 1N [α¨ + (D − 1)α˙
2] (5)
whit α˙ = ∇tα. With the equation of state p = γρ, the energy-momentum tensor of the
perfect-fluid type matter is given by
Tµν = pgµν + (p+ ρ)UµUν (6)
where Uµ is the fluid velocity. Under the hydrostatic equilibrium condition, the energy-
momentum conservation is
ρ˙+ (D − 1)(p+ ρ)α˙ = 0. (7)
Using p = γρ, we get the solution
ρ = ρ0e
−(D−1)(1+γ)α. (8)
In our previous papers, the parameters γ and ω were considered as free parameters. In this
paper, however, γ will be related to the dimension of the world volume of p-brane.
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If we consider only the time dependence, the equations of motion (2) and the energy-
momentum conservation (7) follow from the action
S =
∫
dte(D−1)α−φ
[
1√N { − (D − 2)(D − 1)α˙
2 + 2(D − 1)α˙φ˙+ ωφ˙2}
−
√
N ρ0e−(D−1)(1+γ)α+φ
]
. (9)
Now, we introduce a new time variable τ by
dt = e(D−1)α−φdτ. (10)
Then the action can be written as
S =
∫
dτ
[
1√N
(
−(D − 2)(D − 1)α′2 + 2(D − 1)α′φ′ + ωφ′2
)
−
√
N ρ0e(D−1)(1−γ)α−φ
]
, (11)
where ‘prime’ means the derivative with respect to the new time variable τ and ρ0 is con-
sidered as a positive real constant. Note that the variation over the constant lapse function
gives a constraint equation. So far we discussed BD theory.
Now we consider the string cosmology by the D-dimensional effective action with n-form
field strength that is coming from the appropriate compactification of 10-dimensional low
energy effective string theory. In Einstein frame, the action reads
S =
∫
dDx
√
−gE
[
R− 1
2
∇µφ∇µφ− e
−χ(n)φ
2n!
Hn
2
]
, (12)
where χ is given by
χ2(n) = 4− 2(n− 1)(n˜− 1)
n+ n˜− 2 , (13)
with the dual dimension n˜ = D − n. From this action, we can obtain an action in other
frame by a conformal mapping. The p-brane frame is defined by the conformal mapping
gpµν = e
χ(n)φ
n−1 gEµν , (14)
where gEµν (g
p
µν) means the metric in Einstein (p-brane) frame. In this p-brane frame [4],
the action is written as
3
S =
∫
dDx
√−gpe− (D−2)a(n)φ2(n−1)
[
R− ω∇µφ∇µφ− 1
2n!
Hn
2
]
, (15)
where ω becomes [4]
ω = −(D − 1)(n− 3)− (n− 1)
2
(D − 2)(n− 3)− (n− 1)2 . (16)
In 4-dimension, the BD parameter ω is given by ω = −4
3
for the 0-brane (p = 0) and ω = −3
2
for the instanton (p = −1), etc. Hence, the BD parameter ω can be varied according to
the p-branes included. However, it is not clear whether the matters come from NSp- or
Dp-branes in p-brane frame.
In string frame, by an appropriate conformal mapping, the action is given by
S =
∫
dDx
√−g
[
e−φ{R +∇µφ∇µφ} − e
mφ
2n!
Hµ1···µnH
µ1···µn
]
. (17)
Notice that the BD parameter ω is fixed as −1. For m = −1, an n-form field strength comes
from the compactification of NS-NS 3-form in 10-dimensional theory. m = 0 for n-form
coming from R-R sector. The dual form in NS-NS sector is defined by [4]
∗H = e−φH, (18)
for solitonic NSp-brane, and m = 1 for this case.
Under the ansatz,
Hµ1,···,µn =
√
N√nǫµ1,···,µn−1∇0A(t) (19)
where µ1, · · · , µn−1 6= 0, then the Bianchi identity
∇[µHµ1,···,µn] = 0 (20)
is always satisfied, since we assume that A(t) is a function of t only.
√N should be used for
obtaining the correct constraint equation. In terms of A(t), φ(t) and α(t), the action (17)
for the cosmology becomes
S =
∫
dte(D−1)α−φ
[
1√N { − (D − 2)(D − 1)α˙
2 + 2(D − 1)α˙φ˙− φ˙2}
+
√N
2
A˙2e−2(n−1)α+(m+1)φ
]
. (21)
4
Using the new time variable τ defined in (10), the action is given by
S =
∫
dτ
[
1√N
(
−(D − 2)(D − 1)α′2 + 2(D − 1)α′φ′ − φ′2
)
+
√N
2
A′
2
e−2(n−1)α+(m+1)φ
]
, (22)
From this, we can obtain the equations of motion
2(D − 1)(D − 2)α′′ − 2(D − 1)φ′′ − (n− 1)(A′)2e−2(n−1)α+(m+1)φ = 0, (23)
2(D − 1)α′′ − 2φ′′ − (m+ 1)
2
(A′)2e−2(n−1)α+(m+1)φ = 0, (24)
∇τ
[
A′e−2(n−1)α+(m+1)φ
]
= 0, (25)
where the lapse function N is set to 1 after calculation. The solution of Eq. (25) is given by
A′ =
√
2qe2(n−1)α−(m+1)φ, (26)
with a constant q. Substituting this into Eq. (23) and (24), the resulting equations of motion
are written as
2(D − 1)(D − 2)α′′ − 2(D − 1)φ′′ − 2(n− 1)q2e2(n−1)α−(m+1)φ = 0, (27)
2(D − 1)α′′ − 2φ′′ − (m+ 1)q2e2(n−1)α−(m+1)φ = 0. (28)
These equations of motion can be derived from the following action
S =
∫
dτ
[
1√N
(
−(D − 2)(D − 1)α′2 + 2(D − 1)α′φ′ − φ′2
)
−
√
N q2e2(n−1)α−(m+1)φ
]
. (29)
Comparing this action with that of the BD theory given by Eq. (11), the action of the BD
theory is equivalent to that of the string theory with the Dp-brane gas (m = 0) if we set
ρ0 = q
2 and 2(n− 1) = (D− 1)(1− γ). From these, the BD parameter γ is related to p the
spatial dimension of the world volume of p-brane;
5
γ =
D − 2p− 3
D − 1 . (30)
This is the main result of our paper. Note that in string frame, the behaviors of the cosmology
depend only on p (= n − 2). In the four dimensional space time, γ of the instanton gas
(p = −1) is fixed to 1 and for the particle (p = 0) γ = 1/3 is consistent with the known value
of γ for the radiation dominant era. In our previous work [5], the behavior of the scale factor
for general γ and ω was classified. With the D-particle gas (p = 0 and γ = 1/3), the string
cosmology has two phases as Fig. 1. For the D-string gas, γ = −1/3 which is consistent
with the value of cosmic string gas [11], the behavior of scale factor has two phases as shown
in Fig. 2. For D2-brane or D3-brane cases (p = 2 or p = 3), the scale factor behaves as Fig.
3.
In this paper, we have shown that the string theory with Dp-brane gas can be described
by the BD theory with the perfect fluid type matter and the parameter γ in BD theory is
determined by the dimension of the brane. In string theory with the NS- (m = −1) or the
dual NS-brane (m = 1) gas, the matter couples to the dilaton, and the energy-momentum
of the perfect fluid is not conserved due to this coupling. Hence we can not consider the NS
type brane gas as a perfect fluid. To describe the NS brane gas as the perfect fluid, we have
to study the string theory in a frame where the dilaton does not couple with the the brane.
Details will be discussed in later work [12].
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Fig. 1. The behavior of the scale factor with the D-particle.
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Fig. 2. The behavior of the scale factor with the D-string.
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Fig. 3. The behavior of the scale factor with the Dp-brane (p = 2 or p = 3).
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